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Motivation
•	 tensor	product	states	(TPS)	find	their	main	application	
in	the	interplay	between	quantum	information	and	con-
densed	matter	theory
•	 their	properties	make	TPS	a	promising	variational	fami-
ly	of	states	for	strongly	correlated	quantum	many-body	
systems
•	 they	are	built	by	restricting	the	coefficients	of	the	wave	
function	to	the	contraction	of	a	tensor	network:
(F 	performs	the	contraction	over	the	tensors	Asll )
•	 an	example	in	2d	[1,2]: A1
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Matrix	product	states
•	matrix	product	states	(MPS)	constitute	a	particular	class	
of	1d	TPS
•	 they	represent	the	variational	wave	functions	that	un-
derlie	the	density	matrix	renormalization	group	[3]
•	 as	such	they	have	proven	extremely	successful	in	the	
approximation	of	ground	states,	and	can	also	be	used	
for	time	evolution
•	 the	MPS	coefficients	comprise	a	product	of	matrices	
Asll 	for	1 < l < N 	which	is	surrounded	by	two	vectors	
As11 	and	A
sN
N :
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•	 the	MPS	tensor	network	graphically	represented:
DFT	+	MPS
•	we	can	construct	the	non-interacting	and	interacting	
Hohenberg-Kohn	functionals	Fnon−intHK 	and	F
int
HK	from	
MPS	ground	state	energies:
(v 	denotes	the	external	potential	to	the	density	n)
•	 in	order	to	obtain	a	lattice	problem	suited	for	TPS	
as	in	[4],	we	discretize	space	such	that	the	exter-
nal	potential	v = (v1, v2, . . . , vN )	and	the	density	
n = (n1, n2, . . . , nN )	are	evaluated	on	a	grid
Fnon−intHK (n) := E
non−int(n)− vnon−int · n
F intHK(n) := E
int(n)− vint · n
n1 n2 nN...
FHK
•	 the	full	Hohenberg-Kohn	functional	on	a	grid	of	N 	
points	can	be	seen	as	a	tensor	of	rank	N :?
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•	we	consider	a	Hubbard	chain:
•	 the	exact	Hohenberg-Kohn	tensor	is	approximated	as	a	MPS	via	successive	truncated	singular	value	decompositions:
Hohenberg-Kohn	functional	as	MPS
•	and	compute	the	Hohenberg-Kohn	tensor	on	a	density	grid	via	interacting	inversion	as	in	[5,6]:	for	each	desired	ndes	we	iteratively	ad-
just	v 	according	to	the	obtained	nobt	such	that	after	iteraction	i	the	next	v 	reads	v(i+ 1) = v(i) + α(nobt(i)− ndes)	with	α=0.1-1
•	 the	error	of	the	MPS	approximation	can	be	read	off	from	the	decay	of	the	Schmidt	coefficients	λl
n1 n2 nN...
SVD
n2 nN...
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Hˆ = −t
∑
l,σ
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†
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GD(n): MPS approximation with D Schmidt coefficients
of  FUHK(n)
HD(n): MPS approximation with D Schmidt coefficients
of  FU =0HK (n)− FU=0HK (n)
H :=
(∑
n
|HD(n)− (FU =0HK (n)− FU=0HK (n))|
)
/
(∑
n
|FU =0HK (n)− FU=0HK (n)|
)
G :=
(∑
n
|GD(n)− FUHK(n)|
)
/
(∑
n
|FUHK(n)|
)
Schmidt	coefficients	on	middle	bond Schmidt	coefficients	on	middle	bond
•	we	investigate	6	fermions	on	6	lattice	sites	and	impose	a	density	spacing	of	0.3	on	each	site	that	ranges	from	0.4	to	1.6:
•	 the	approximation	error	features	a	clear	exponential	
decrease	with	the	number	of	Schmidt	coefficients,	and	
thus	MPS	well	approximate	the	full	Hohenberg-Kohn	
functional	of	the	small	Hubbard	chains	considered	here
Conclusions	&	Outlook
•	when	the	non-interacting	Hohenberg-Kohn	functional	is	
subtracted	before	the	approximation,	the	error	improves	
roughly	by	one	order	of	magnitude
•	 in	all	cases	we	observe	that	systems	with	weak	interac-
tions	can	be	better	approximated
•	we	therefore	expect	that	this	scheme	works	worse	in	
case	of	the	long-range	interactions	of	the	Coulomb	pro-
blem:	work	in	progress
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